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ON REAL POLYNOMIAL LOCAL HOMEOMORPHISMS OF
THREE DIMENSIONAL SPACE
ALEXANDRE FERNANDES AND ZBIGNIEW JELONEK
Abstract. We prove that the set of non-properness of a polynomial mapping of
the three dimensional space which is a local homeomorphism cannot be homeo-
morphic to the real line R.
1. Introduction
A local homeomorphism F of an affine space is a global homeomorphism if and
only if it is a proper mapping in the topological sense, i.e. F−1(K) is compact for
any compact subset K ⊂ Rn. Let us denote the set of values where F is not proper
by SF (see [6] and [7]), i.e.,
SF = {y ∈ R
n |∃ unbounded sequence (xk) in R
n; with F (xk)→ y}.
A local homeomorphism F : Rn → Rn is a global homeomorphism if and only if the
set SF is empty. The set SF plays an important role in the study of the topological
behavior of local homeomorphism Rn → Rn. In [6] and [7], the second named author
investigated the geometry of the set SF for polynomial mappings C
n → Cn and
R
n → Rn. In particular we have:
Theorem 1.1. (see [7]) Let f : Rn → Rn be a polynomial mapping whose Jacobian
nowhere vanishes. If codim Sf ≥ 3 then f is a diffeomorphism (and consequently
Sf = ∅).
On the other hand the example of Pinchuk shows that there are polynomial map-
pings f : Rn → Rn whose Jacobian nowhere vanishes and with codim Sf = 1. In
Pinchuk’s original example we have n = 2 and the set Sf is homeomorphic to the
real line R (see [3], [4]). In the original Pinchuk example the mapping f is not sur-
jective, in fact it omits two points - (0, 0) and (−1, 0) -see [4]. However we can easily
modify the Pinchuk example in this way that a modified mapping is a surjection.
Indeed, let φ : C ∋ z 7→ z3/3 + z2/2 ∈ C, where we treat C as R2. The mapping
φ is singular only for z = 0 and z = −1, hence the composition F = φ ◦ f has not
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singular points. The mapping F can omit only points φ(0) = 0 and φ(−1) = 1/6.
However φ(0) = φ(−3/2) and φ(−1) = 1/6 = φ(1/2). Hence the mapping F is a
surjection. This means that also surjective counterexamples of Pinchuk type exists.
Note that the set SF is still an ”irreducible” connected curve.
However, the Pinchuk example can be easily generalized for every n > 1 (and
then Sf is homeomorphic to R
n−1 or f is surjective mapping and Sf is ”irreducible”
connected hypersurface). Hence the only interesting case is that of codim Sf = 2,
and in [7] the following was stated:
Real Jacobian Conjecture. Let f : Rn → Rn be a polynomial mapping whose
Jacobian nowhere vanishes. If codim Sf ≥ 2 then f is a diffeomorphism (and
consequently Sf = ∅).
The Real Jacobian Conjecture (in dimension 2n) implies the famous Jacobian
Conjecture (in dimension n) - see [7], [9]:
Jacobian Conjecture. Let f : Cn → Cn be a polynomial mapping whose Jaco-
bian nowhere vanishes. Then f is an isomorphism.
Moreover, the Real Jacobian Conjecture is true in dimension two (see [5], [7]). In
dimension three to prove the Real Jacobian Conjecture it is enough to assume that
the set Sf is a curve. In this case the curve Sf is automatically the union of real
parametric curves, i.e., Sf =
⋃r
i=1 Si, where Si = φi(R) and φi : R→ R
3, i = 1, ..., r
are non-constant polynomial mappings (see [7]).
The aim of this note is to show that the set SF of non-properness of a polynomial
mapping f : R3 → R3 which is a local homeomorphism cannot be homeomorphic to
R. Moreover, we show that if additionally f is a surjection, then Sf has to have at
least three ends.
2. Main results
Definition 2.1. Let X ⊂ R3 be a semi-algebraic curve. Denote by BR the open
ball with center 0 and radius R. We say that X has n ends at infinity if the set
X \BR has n connected components for every sufficiently large R > 0.
Definition 2.2. A subset of R3 is called a line if it is closed and homeomorphic to
R.
It is easy to see that a line has exactly two ends at infinity.
Theorem 2.3. If F : R3 → R3 is a polynomial local diffeomorphism, then SF cannot
be a line.
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Proof. Let SR ⊂ R
3 be a sphere centered at the origin and with a sufficiently large
radius R > 0 such that any other spere centered at the origin and with radius larger
than or equal to R is transversal to SF . Thus, YR := R
3 \ (SF ∪ BR) has the same
homotopy type of R3 \ L where L is an affine line, hence the fundamental group of
R3 \ (SF ∪ BR) is cyclic and infinite. Take XR := R
3 \ F−1(BR ∪ SF ) = F
−1(YR).
Hence if the set XR is connected, then the fundamental group of XR is also cyclic
and infinite.
Take E = F−1(SF ). Note that SF 6= ∅ implies that E 6= ∅. Indeed, if not, the
fundamental group of R3 \ E = R3 is trivial. Moreover π1(R
3 \ SF ) is an infinite
group. By the covering property, the topological degree of F is equal to the index
[π1(R
3\SF ) : F∗(π1(R
3))] = [π1(R
3\SF ) : {1}] =∞. This is a contradiction, because
the mapping F is polynomial and it has finite fibers. Now we need the following:
Lemma 2.4. Let K be the Zariski closure of SF . Then K = SF ∪ P , where P is a
finite set of points.
Proof. Indeed, by [7], SF is a parametric curve, i.e., there are non-constant poly-
nomials ψ1(t), ψ2(t), ψ3(t) such that SF = (ψ1, ψ2, ψ3)(R) := ψ(R). Consider the
field L = R(ψ1, ψ2, ψ3). By the Lu¨roth Theorem there exists a rational function
g(t) ∈ R(t) such that L = R(g(t)). In particular there exist f1, f2, f3 ∈ R(t)
such that ψi(t) = fi(g(t)) for i = 1, 2, 3. In fact, we have two induced maps
f : P1(R) → X ⊂ Pm(R) and g : P1(R) → P1(R). Here X denotes the Zariski
projective closure of SF . Moreover, f ◦ g = ψ. Let A∞ denote the unique point at
infinity of X and let ∞ = f
−1
(A∞). Then g
−1(∞) = ∞, i.e., g ∈ R[t]. Similarly
fi ∈ R[t]. Hence ψ = f ◦g, where f : R→ X is a birational and polynomial mapping
and g : R→ R is a polynomial mapping.
Since SF has two ends, we see that the mapping g is surjective. Hence we can
assume that ψ = f. We have K = f(C) ∩ R3 and it is enough to prove that there
is only a finite number of points in the set f(C \ R) ∩ R3. But if z = f(x) ∈ R3
and x is not a real number, then also z = f(x), where the bar denotes the complex
conjugation. In particular the fiber of f over z has at least two points. Since the
mapping f is birational, the number of such points z is finite. 
Let E ′ be the Zariski closure of E. By Lemma 2.4 we have E ′ = E ∪F−1(P ) and
F−1(P ) is a finite set of points. Hence at infinity E looks like an algebraic variety.
Let S be the one-point compactification of R3. If E has k branches at infinity, then
its compactification E˜ ⊂ S is homeomorphic to the bouquet of k circles. Using the
Alexander duality we can compute the cohomology of S \ E˜ = R3 \ E. We have
H˜i(E˜) ∼= H˜
3−i−1(R3 \ E).
4 ALEXANDRE FERNANDES AND ZBIGNIEW JELONEK
Hence H˜p(R3\E) = 0 for p 6= 1 and H˜1(R3\E) = Zk. In particular χ(R3\E) = 1−k.
In the same way we have χ(R3 \ SF ) = 0. Note that R
3 \ E is a finite topological
covering of R3 \ SF of degree say d > 0. Thus χ(R
3 \ E) = dχ(R3 \ SF ) = 0.
Consequently, k = 1 and E has only one branch at infinity. In particular F (E) = SF .
Now we show that the set XR is connected. In fact we will prove the following
statement:
(∗) Let F : R3 → R3 be a polynomial mapping as above. For every R ≥ 0 the set
XR := F
−1(R3 \BR) \ E is connected.
Note that it is enough to prove that X := F−1(R3 \BR) is connected. We prove
this in several steps. Let O ∈ R3 \ SF and let L be a half-line with origin O, such
that L ∩ SF = ∅. Hence we can lift L in a d = degF different ways; let L1, . . . , Ld
be all these lifts. We can assume that O is the center of coordinates. Let SR be the
sphere {x : ||x|| = R}. By SiR we will denote the connected component of F
−1(SR)
which intersects the curve Li. Of course it is possible that Si = Sj for i 6= j. Take
φR(x) := ||F (x)|| − R. For R > 0 the hypersurface Si divides R
3 into two open
connected components (see [8]). Take a point x ∈ Si and consider a small ball B
around x. The function φR has signs + and − in the set B \Si. A component R
3\Si,
which contains this part of the ball B, on which φR|B is negative will be called the
interior of Si and denoted by Int(Si); the another component is denoted by Ext(Si).
Lemma 2.5. There is an η > 0 such that if x ∈ SiR and B(x, η) ∩ S
j
R′ 6= ∅, then
SjR = S
i
R.
Proof. Let Ai = Li ∩ S
i
R and let α(t), t ∈ [0, 1], be a curve in S
i
R \ E which joins Ai
and x. For every point xt := α(t) let Vt be a small ball with center in xt such that
1) F |Vt : Vt → F (Vt) is a homeomorphism,
2) Vt ∩ E = ∅.
Let β = F ◦α. The curve β is covered by the sets Ut = F (Vt). Let ǫ be the Lebesgue
number of this covering. Define the curve β ′(t) = Oβ(t)∩ SR′ . If |R−R
′| < ǫ, then
the curve β ′ is contained in
⋃
t∈[0,1] Ut. In particular if we lift β
′ so that it starts at
A′i := Li ∩ S
i
R′ , then we obtain a curve α
′ which has it end in V1. In particular we
can join α′(1) to x. This implies that if we take η < ǫ then the conclusion of Lemma
2.5 is true. 
Lemma 2.6. The set XR is connected if and only if for every i, j = 1, . . . , d the set
SjR is not contained in the interior of S
i
R.
Proof. Assume that for every i, j = 1, . . . , d the set SjR is not contained in the interior
of SiR. Take points a, b ∈ XR. Of course there is a path α in R
3\E such that α(0) = a
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and α(1) = b. If α has no common points with SiR, i = 1, . . . , d, then α is contained
in XR and we are done. Assume that α has a common point with S
i
R. Note that by
assumption the point α(1) is not in the interior of SiR. Let t0 be the first point in
SiR and t1 be the last point in S
i
R; by assumption we have t1 < 1. Modify the curve
α replacing the path α|[t0,t1] by a curve γ which is contained in S
i
R and joins α(t0)
and α(t1). By a slight further modification of α as in the proof of Lemma 2.5 above,
we can assume that α|[t0,t1] lies in XR. Continuing, we obtain a curve α completely
contained in XR.
If the interior of SiR contains S
j
R, then the exterior of S
j
R is also contained in
Int(SiR) and points from the exterior of S
i
R and the exterior of S
j
R cannot be con-
nected. 
Lemma 2.7. Assume that the set XR is connected. Then for R
′ > R sufficiently
close to R the set XR′ is also connected.
Proof. Take a (given) point a 6∈ BR ∪ SF . Since the mapping F |XR : XR → YR is
a topological covering, the set XR is connected if and only if all points from the
fiber F−1(a) = {a1, . . . , ad} can be connected to each other. If XR is connected
then there is a curve α ⊂ XR which connects all points ai, i = 1, . . . , d. Let c =
inft∈[0,1]||F (α(t))||. Then c > R. Consequently our statement is true for every R
′
with c > R′ > R. 
Now we can prove statement (∗). Note that for small R the set XR is connected.
Let A = {R ∈ R : XR is not connected}. Assume that A is non-empty and take
a = inf{R : R ∈ A}. By Lemma 2.7 the set Xa is not connected. By Lemma 2.6
there is an Sia whose interior contains some S
j1
a , . . . , S
jk
a . In particular there is a
path α(t), t ∈ [0, 1], such that ||F (α((0, 1))|| ⊂ [0, a) and α(0) ∈ Sia, α(1) ∈ S
j
a,
where j ∈ {j1, . . . , jk}. We can assume that α is transversal to S
i
a and S
j
a. Hence
the function q(t) := ||F (α(t))||, t ∈ [0, 1], decreases near 0 and increases near 1. In
particular there is an ǫ > 0 such that q decreases on [0, ǫ] and increases on [1− ǫ, 1].
Let β = maxt∈[ǫ,1−ǫ]q(t) and take R0 = max{q(ǫ), q(1 − ǫ), β}. For R0 < R < a the
function q(t)−R has only two zeroes, one near 0 and the other near 1.
Take R0 ≤ R < a and let q(t0) = R, q(t1) = R, where t0 is close to 0 and t1 is close
to 1. By Lemma 2.5 the set SkR which contains α(t0) is equal to S
i
R, and the set S
l
R
which contains α(t1) is equal to S
j
R. Since R < a and on the curve α(t), t ∈ (t0, t1),
we have q(t) < R, we conclude that SiR = S
j
R. Consequently, S
i
a = S
j
a, which is a
contradiction.
Hence the set A is empty and statement (∗) is proved.
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Since F (E) = SF , there is a point x ∈ E \ F
−1(BR) such that F (x) ∈ SF \ BR.
Let V ⊂ R3 \ F−1(BR) be a neighbourhood of x such that F |V : V → W is a
diffeomorphism onto an open neighbourhod W ⊂ R3 \ BR of y. We can choose a
generator of π1(YR, y) to be the class of a loop γ inside any tubular neighbourhood
of SF in W. So, it is possible to choose a generator [γ] of π1(YR, y) inside W. Take
γ˜ = F |−1W (γ). Hence [γ˜] ∈ π1(X, x) and F∗([γ˜]) = [γ]. This implies that [π1(YR, y) :
F∗(π1(XR, x))] = 1, so the general fiber of F |XR is one point. This means that the
topological degree of the covering F : R3 \ E → R3 \ SF is one. Consequently, F is
injective. Now by the Bia lynicki-Rosenlicht Theorem (see [1]) F is a bijection. 
From the proof of our result we have:
Corollary 2.8. If F : R3 → R3 is a polynomial local diffeomorphism and dim SF =
1, then SF cannot have only a one end.
Proof. Assume that SF has exactly one end. If BR is sufficiently large ball, then
R3 \ (BR ∪ SF ) is simply connected and we can finish as above. 
Note that the main part of the proof of Theorem 2.3 works also if SF is an arbitrary
curve with two ends (which possibly it is not homeomorphic to R). The assumption
that SF is homeomorphic to R we need only to know that F (F
−1(SF )) = SF . Hence
for surjective mapping F we can strenghten our result to the case when SF has two
ends. In particular we have:
Corollary 2.9. Let F : R3 → R3 be a polynomial local diffeomorphism and dim SF =
1. If F is surjective, then SF has at least three ends.
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